We present orientifold and F-theory duals of the heterotic string compactification constructed by Chaudhuri, Hockney and Lykken (CHL) which has the maximal supersymmetry but gauge group of reduced rank. The 8-dimensional dual is given by the Type IIA orientifold on the Möbius band. We show the non-trivial monodromy on the base induces non-simply laced gauge groups on the F-theory orbifolds dual to the CHL strings. The F-theory models dual to the CHL strings in six dimensions are examples of N=2 F-theory vacua. We discuss the other N=2 F-theory vacua in six dimensions.
which cannot be described as a conformal field theory in heterotic string theory, have a perturbative description in terms of Dirichlet 5-branes in the dual orientifold.
On the other hand, F-theory is a new way of compactifying Type IIB theory in which the complex coupling λ of Type IIB theory is allowed to vary over the compactified space [11, 12, 13] . The complex coupling can be seen as the complex structure parameter of the elliptic fibration over the base B on which the Type IIB theory is compactified.
The coupling can undergo non-trivial SL(2, Z) transformations as we move along nontrivial cycles on the base B. Since the nonperturbative SL(2, Z) symmetry of the Type IIB theory is realized as the SL(2, Z) transformation of the elliptic fibration, F-theory is quite powerful in studying nonperturbative phenomena in string theory such as the phase transition involving tensionless strings in 6-dimensions.
In another interesting development, Chaudhuri, Hockney and Lykken (CHL) have constructed new examples of the heterotic string compactification with maximal supersymmetry but with gauge groups of reduced rank [14, 15] . It turns out that all CHL models can be identified with toroidal compactification of the heterotic string theory further modded by some discrete global symmetry such as the interchange of the two E 8 's of the heterotic string theory [16] . Some duality aspects of CHL models are known. The M-theory and Type IIA duals of various CHL models in 6-dimensions and below were investigated in detail [17, 18, 19] .
The purpose of this letter is to find the dual theory of a CHL model to be described later, using the orientifold and F-theory. Type IIA orientifold on the Möbius band is dual to the CHL model in 8-dimensions. In the strong coupling limit, this configuration is lifted to M-theory compactified on the Möbius band which gives the 9-dimensional dual of the CHL string. We present the F-theory orbifold dual with non-simply laced gauge groups.
The F-theory dual of the CHL model in 6-dimensions constitutes a part of the F-theory vacua in 6-dimensions with N=2 supersymmetry hitherto uninvestigated. We discuss the other N=2 F-theory vacua in 6-dimensions and give the orientifold duals in simple cases.
The initial CHL models are given by the free fermionic construction [14] , but Chaudhuri and Polchinski [15] have constructed one of these models as an asymmetric orbifold.
They considered Z 2 orbifold of the toroidally compactified heterotic string theory, where Z 2 action interchanges the two E 8 components of the momentum lattice, together with a half shift on a compactified circle. Under this Z 2 modding, only the symmetric combination of E 8 's survives, thereby reducing the the rank of the gauge group by eight. The Z 2 modding is possible if the two E 8 's are broken in an identical manner. Similar construction can be done in SO(32) heterotic string theory. Since SO(32) and E 8 × E 8 heterotic string theory are equivalent upon compactification on a circle, the Z 2 orbifolds on both sides are on the same moduli space. Since the Z 2 symmetry adopted in the orbifold construction is a freely acting Z 2 , there are no massless states in the twisted sector at generic points of the moduli space. We are mainly interested in this Z 2 orbifold example.
Since there is a duality conjecture on Type I and heterotic string theory [20] , we expect that the dual theory of the CHL model can be found in Type I side. The strategy we will take is the following: Using the duality relation between Type I and the heterotic theory, we can figure out the Z 2 symmetry in Type I which corresponds to the Z 2 symmetry used in the CHL construction in the heterotic theory. If the Z 2 action used is freely acting, the adiabatic argument [21] assures us of the duality between the Z 2 orbifolds.
It is more convenient to work with Type I ′ theory, because the Z 2 action is realized geometrically. Since the gauge groups are realized as the Chan-Paton degrees of freedom of 8-branes in the Type I ′ theory, Z 2 action should interchange the 8-branes and this must be accompanied by a half shift along a circle which guarantees the total action freely acting.
This means that the total Z 2 action does not produce additional orientifold planes which contribute to non-zero tadpole, as we will see shortly. We construct the 8-dimensional orientifold. Consider Type IIA theory compactified on the torus, say in the X 8 and X 9 directions with the identification X 8 ≡ X 8 + 2πr 8 and X 9 ≡ X 9 + 2πr 9 . We take an orientifold with the projection
where η i denotes a half shift along the i-th circle;
. This is the Type I ′ theory modded by the Z 2 action η 8 η 9 . Note that η 9 relates an 8-brane located at X 9 = X 9 0 to an 8-brane at X 9 = X 9 0 + πr 9 , and η 8 is the accompanying shift. 
with w i integer, η 8 η 9 has the action
The massless modes of the closed string sector coincide with those of Type I ′ theory since η 8 η 9 acts trivially on those modes. The twisted sector of the closed string has half-integer winding modes in X 8 , X 9 directions with the momentum modes and the oscillator modes unchanged.
We can determine the open string spectrum by calculating the tadpoles [3] . The open string sector arises from the addition of the D-branes to cancel the tadpole in the Klein bottle amplitude. The Klein bottle amplitude consists of two parts, one from the trace evaluation with R 9 Ω and the other from the trace with η 8 η 9 R 9 Ω. The loop channel amplitude of the former gives the tadpole which requires 32 8-branes for the tadpole cancellation as in Type I ′ theory. The loop channel momentum sum of the latter is proportional to
, where t is the loop channel parameter. This gives vanishing tadpole in the tree channel in the t → 0 limit, as one can see using the Poisson resummation formula. The Klein bottle amplitude of the twisted sector also vanishes, since the half winding modes in the X 8 direction are odd under R 9 Ω and η 8 η 9 R 9 Ω. Thus we have 32
8-branes in all. Because of the orientifold projection, only orthogonal gauge groups are allowed. In addition, brane configuration should be invariant under the action η 8 η 9 . The maximal gauge group is obtained if we put the 16 8-branes at X 9 = X 9 0 and the other 16 8-branes at X 9 = X 9 0 + πr 9 . The gauge group in this case is SO (16) . It is clear that we can obtain the orthogonal subgroups of SO (16) It was explained in [4] how to obtain the E 8 × E 8 M-theory of Horava and Witten [22] , starting from Type I ′ theory. We put 14 8-branes on each fixed point and place the other 4 branes in symmetric fashion with respect to the fixed points so that the resulting gauge group is (SO(14) × U (1)) 2 . The configuration is dual to SO(32) heterotic string theory compactified on a circle with a particular Wilson line where the enhanced gauge group E 8 × E 8 is achieved at a particular radius of the compactified circle. The dual configuration in the Type I ′ side is obtained by taking the strong coupling limit. In this limit, the other 4 branes approach the fixed points and additional 0-brane states become massless to form adjoint of E 8 × E 8 . In this limit, the radius of the compactified circle goes to infinity. The relation between the Type I ′ theory and the M-theory on
is given by
where R I ′ and g I ′ are the compactified radius and the coupling constant of Type I ′ theory respectively, r 1 is the radius of S 1 /Z 2 and r 2 is the radius of S 1 of M-theory. The limit we take is r 2 → ∞ limit which corresponds to g I ′ , R I ′ → ∞ limit.
Since the strong coupling limit is compatible with the action X 9 → X 9 + πr 9 , we can take the same limit for the above Type IIA orientifold. In this limit, we obtain the Z 2 orbifold of E 8 × E 8 M-theory where E 8 exchange is accompanied by the shift η 8 . By changing the coordinate label X 8 to X 9 , we obtain the M-theory compactification in 9-dimensions and the compactified space is the Möbius band. This is dual to the CHL model in 9-dimensions with the gauge group E 8 where E 8 exchange is accompanied by the shift on a circle. The duality can be directly argued using the adiabatic argument and the duality between the M-theory on S 1 /Z 2 and the E 8 × E 8 string theory [23] .
Now we turn into the F-theory dual of the CHL model in 6-dimensions. Since there is a conjectured duality in 8-dimensions between the F-theory on K3 and the heterotic string theory on T 2 [11, 24] , we expect that one can construct the F-theory dual by modding out the Z 2 symmetry which corresponds to the Z 2 symmetry of the CHL string. Since the gauge group of the F-theory appears as singular elliptic fibers [12, 13] , the Z 2 symmetry interchanging the gauge group is realized as a Z 2 involution of K3 which interchanges the singular fibers. This involution should respect the fiber structure. We start with the particular K3 orbifold T 4 /Z 2 . F-theory on this particular orbifold was considered by Sen in establishing the duality between F-theory and the orientifold which is obtained by Tdualizing the Type I theory along the X 8 and X 9 directions [24] . If the F-theory model has the constant coupling as in the T 4 /Z 2 orbifold, the corresponding orientifold configuration should satisfy the local tadpole cancellation so that the resulting orientifold configuration has the constant coupling. Let us denote the complex coordinates of the six-torus by
of F-theory with the following generators α, β of the orbifold action.
Here z 1 denotes the coordinate of the elliptic fiber and 2πr 2 z 2 ≡ X 8 + iX 9 , 2πr 3 z 3 ≡ One can check that this conclusion is consistent with the known duality between the F-theory and the orientifold. If we use the duality dictionary between the Ftheory and the orientifold [24] , α is mapped to Ω(−1) F L R 89 and β is mapped to
Hence the orientifold projection corresponding to the above orbifold
By similar tadpole calculation as we did previously, we can conclude that this orientifold has the gauge group SO (8) 2 if the tadpole cancels locally. If we T-dualize the orientifold along the X 9 direction, the orientifold projection becomes {1, η 6 η 8 , R 8 Ω, η 6 η 8 R 8 Ω}. After some coordinate relabeling, we can see that this is the original orientifold model of (1) compactified further on T 2 . Since this orientifold model is dual to the CHL model, the above F-theory Z 2 × Z 2 orbifold should be dual as well. Further evidence for the duality between the F-theory orbifold and the CHL model can be seen if we compactify F-theory further on a circle. This theory is on the same moduli space as M-theory compactified on the above Z 2 × Z 2 orbifold, according to the duality between F-theory and M-theory [11] . This M-theory orbifold is a special case of the M-theory on (K3 × T 2 )/Z 2 which is dual to the CHL model in 5-dimensions as argued in [17] . The Z 2 action is the half-shift along the torus combined with the involution of K3 under which eight anti-self-dual 2-forms of K3 are odd and the remaining harmonic forms are even. This Z 2 involution is realized by β in the Z 2 × Z 2 orbifold of (4). Thus we see that the duality between the M-theory on (K3 × T 2 )/Z 2 and the CHL model in 5-dimensions is lifted to the duality between the F-theory on (K3 × T 2 )/Z 2 and the CHL model in 6-dimensions.
One can consider the models corresponding to other points of the moduli space of F-theory on (K3 × T 2 )/Z 2 . One such model is given by the orbifold generated by the following action.
Restricted to z 1 , z 2 coordinates, α is the Z 4 action of the T 4 /Z 4 orbifold. F-theory on T 4 /Z 4 was considered by Dasgupta and Mukhi [25] . The torus parametrized by z 2 has four fixed points under α 2 . Two of them are fixed points of α as well, but the other two form a doublet under α. The singular fiber over each fixed point of α is of E 7 type. The other singular fiber over the doublet under α is of D 4 type. The F-theory on T 4 /Z 4 has the gauge group E 7 × E 7 × SO (8) . The action β is a Z 2 involution accompanied by a half-shift along the z 3 -torus. Since β preserves the holomorphic 2-form of the K3 orbifold and the holomorphic 1-form of the z 3 torus, this orbifold has N=2 supersymmetry in 6-dimensions.
The special feature of β is that it induces nontrivial monodromy on the D 4 fiber while it interchanges two E 7 fibers.
The enhanced gauge group of the singular fiber which suffers the nontrivial monodromy along a nontrivial cycle of the base manifold was considered in detail in [26, 27] .
The enhanced gauge group is the monodromy invariant part of the apparent local gauge group. The action of the monodromy on the blown-up fiber can be translated into an action on the Dynkin diagram of the simply-laced gauge group. The required group is the subgroup invariant under this outer automorphism. The gauge group coming from the D 4 fiber with the monodromy induced by β is SO(7). The gauge group of the above model is E 7 × SO(7). As explained by Dasgupta and Mukhi, we cannot give the perturbative orientifold description of the above F-theory orbifold since the orbifold action of T 4 /Z 4 corresponds to the nonperturbative symmetry of Type IIB theory. But we already established the duality between F-theory on (K3 × T 2 )/Z 2 and the CHL model at a particular point of the moduli space, hence the above model is necessarily dual to the CHL model in six dimensions.
Another model in the same moduli space is given by the orbifold generated by the following action when we consider the six-torus based on the hexagonal lattice i.e., z l ≡
Restricted to z 1 , z 2 coordinates, α is the Z 3 action of the T 4 /Z 3 orbifold [25] . The torus parametrized by z 2 has three fixed points of α. Each singular fiber over the fixed point is of E 6 type. F-theory on T 4 /Z 3 orbifold has the gauge group E 6 × E 6 × E 6 . The action β interchanges two E 6 fibers and induces a nontrivial monodromy which reduces E 6 to F 4 .
The resulting gauge group is E 6 × F 4 .
In the three F-theory orbifolds considered so far, the base of each model is (
But clearly one can consider more general situations. If we consider F-theory compactified on (K3 × T 2 )/G, the base is (P 1 × T 2 )/G. In order to have N=2 supersymmetry in 6-dimensions, we should restrict G to be a finite automorphism of K3 × T 2 compatible with the elliptic fibration which preserves holomorphic forms of K3 and T 2 .
As explained in [28] , the sublattice of Γ (18, 2) of the cohomology lattice of K3 determines an elliptic K3, where Γ (p,q) denotes a lattice of signature (p, q). The lattice Γ (18, 2) is obtained from the cohomology lattice of K3,
by splitting off the classes of the base and fiber of the fibration. Conversely, given an evenself-dual lattice of signature (18, 2) , one can find the corresponding elliptic K3 by the global Torelli theorem. Combined with additional Γ (2,2) lattice associated with T 2 , this gives Γ (18,2) ⊕ Γ (2, 2) which is isomorphic to Γ (20, 4) and G acts on Γ (20, 4) as a lattice isomorphism. This condition is the same one as we encounter in the general CHL compactification of heterotic string theory in six dimensions. Thus we expect that F-theory on (K3×T 2 )/G is dual to the CHL compactification of the heterotic string theory on T 4 /G where G and G act on the same way on Γ (20, 4) .
If G is freely acting, G must act on T 2 by translation, which implies G should be an abelian group with at most two generators. Again if we compactify further on a circle, this theory is on the same moduli space as the M-theory on (K3 × T 2 )/G. This is indeed dual to other CHL constructions as investigated in [18] , where G acts on K3 as an abelian symplectic automorphism, i.e., an abelian automorphism preserving the holomorphic 2-form of K3. But more general configurations are possible. Such configurations in the Type IIA side are considered in [29] . If we compactify F-theory on (K3 × T 2 )/G further on T 2 , this model is on the same moduli space as the Type IIA theory on (K3 × T 2 )/G, which is dual to the heterotic theory on T 6 /G. On the heterotic side, general G acts on Γ (22, 6) as an lattice isomorphism with general shifts. The general shifts on the heterotic side is mapped to the choice of Ramond-Ramond fluxes localized at the fixed points of K3 under the heterotic-Type IIA duality. Thus the general configuration in the Type IIA side is the orbifold modded by symplectic automorphism of K3 with the Ramond-Ramond field background, which is not a conventional superconformal field theory background.
General F-theory compactification can be thought to be the decompactifying limit of the corresponding Type IIA configuration when G is compatible with the elliptic structure, which implies that G acts nontrivially only on Γ (20, 4) sublattice of Γ (22, 6 ) .
Since we have specified some of the N=2 F-theory vacua in 6-dimensions, one might wonder what else can appear as N=2 vacua of F-theory. It is explained in [13] that allowable bases for N=2 F-theory vacua are K3, (P 1 ×T 2 )/G, and hyperelliptic surfaces. F-theory on the base K3 is the F-theory compactified on T 2 × K3. The fiber structure should be trivial in order to retain the Calabi-Yau condition. This is just Type-IIB theory on K3. The only remaining category is F-theory having a hyperelliptic surface as base. A hyperelliptic surface is a complex torus modulo a finite group G acting freely. We can give a simple example of the F-theory which has a hyperelliptic surface as base. Consider the orbifold with the following Z 2 symmetry.
α : (z 1 , z 2 , z 3 ) → (−z 1 , −z 2 , z 3 + 1 2 ).
The action α restricted to z 2 , z 3 coordinates produces the hyperelliptic surface where the freely acting group is Z 2 . The holomorphic 2-form dz 1 ∧ dz 2 and 1-form dz 3 survive under α, hence F-theory on this orbifold has N = 2 supersymmetry in 6-dimensions. Since α is freely acting, there are no singular elliptic fibers. Thus massless spectrum of this model is just non-chiral N=2 supergravity multiplet. We can find the orientifold dual of this model. Using the duality dictionary, we can map this orbifold into the orientifold with the group {1, Ω(−1) F L R 89 η 6 }. After a similar calculation as we did earlier, one can check that the massless spectrum of the orientifold agrees with that of the F-theory orbifold.
For other hyperelliptic surfaces 2 , we can perform the similar analysis. Since hyperelliptic surfaces are quotients of torus by freely-acting action, there are no singular fibers for the associated elliptic three-fold. The massless spectrum is again N=2 supergravity multiplet in 6-dimensions.
